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Abstract
Analysing the asymptotic behaviour of the quark-quark elastic scattering amplitude
at high energy and xed transferred momentum and assuming that gluon is reggeized, we
obtain the evolution equation for the gluon Regge trajectory in QCD. It is closely related
to the renormalization properties of the Wilson lines and it is in a complete agreement
with the recent results of two-loop calculations.
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1. Introduction
Understanding of the asymptotics of hadronic scattering amplitudes at high energy s and xed
transferred momentum −t s still remains an important challenge to perturbative QCD. One
of the main diculties stems from the fact that in this limit one should expect the emergence
of a new regime of QCD [1], in which, in accordance with the Regge model expectations,
partons (quarks and gluons) as elementary excitations are replaced by new collective degrees
of freedom { Regge poles, among which the two families { Reggeons and Pomerons with the
quantum numbers of gluons and vacuum, respectively, should play a special role providing the
leading asymptotic behaviour of the scattering amplitudes.
The previous attempts to solve the problem in the leading logarithmic approximation (LLA),
s  1 and s ln s  1, have led to the discovery of the BFKL formalism [2]. It was found
that the gluon is reggeized in the LLA and the QCD Pomeron appears in this approximation
as a compound state of two reggeized gluons. At high energy and xed transferred momentum,
−t s, the contribution of the reggeized gluon, or Reggeon, to the scattering amplitude has a
form  sIR(t) with the Reggeon trajectory IR = IR(t) given in the LLA by [2]
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Since the Reggeon carries the color charge of gluon, its trajectory is infrared (IR) divergent
and one applies the dimensional regularization with D = 4 + 2" for " > 0 and dimensional
parameter 2. At zero transferred momentum the Reggeon trajectory satises IR(0) = 1 while







+O(2s ) : (2)
The dependence on the IR cuto 2 and IR poles in " are cancelled in the color-singlet compound
states of the Reggeons after one takes into account the interaction between Reggeons [2].
However, the LLA can not be satisfactory approximation to QCD in the Regge limit due to
the following reasons. First, the total cross-sections grow in the LLA as powers of the energy s
violating the unitarity bound. The nonleading corrections are responsible for the restoration of
the unitarity and at the same time they should dene the region of energies in which the LLA
result will be meaningful. The problem of calculating unitarization corrections is still open
and it reveals the intriguing connection of QCD in the Regge limit with completely integrable
two-dimensional systems.
Second, in the LLA the scattering amplitudes get equally important contributions from the
region of large and small gluon transverse momenta. In order to be able to control nonpertur-
bative eects associated with soft gluons one has to separate the latter contribution from the
scattering amplitudes by performing the factorization procedure [3]. In the LLA, this can be
done in (1) by introducing the factorization scale  such that q2?  
2  2 and dividing the
whole interval of gluon transverse momenta into the regions of \soft" momenta, k2? < 
2, and
\hard" momenta, k2? > 
2. These two regions provide the −dependent additive contributions
to the Reggeon trajectory and the −dependence cancels in their sum. Beyond the LLA, one
has to follow the general procedure [3, 4] in order to obtain the factorized expression for the
scattering amplitude, in which the contribution of soft gluons is described by a nonperturba-
tive soft function S, while that of hard gluons is absorbed into perturbatively calculable hard
function H. In an analogy with deep inelastic scattering, one may try to interpret the fac-
torization procedure as some kind of the Regge operator product expansion (OPE), in which
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the soft function is associated with the matrix element of local composite operators and the
hard function is dened as a coecient function. Having identied the relevant operators, one
should try to relate their anomalous dimensions with the properties of the Regge trajectories
in QCD [5, 6].
In this paper we propose the OPE for the Reggeon trajectory and identify the relevant
operators as Wilson lines. We establish the evolution equation for the Reggeon trajectory and
show its close relation to the renormalization properties of the so-called cross singularities of
Wilson lines. Our approach is closely related to the techniques developed by Lipatov [7] and
by Botts and Sterman [4].
Recently, the next-to-leading corrections to the BFKL formalism became available [8, 9, 10].
In particular, the 2-loop correction to the Reggeon trajectory was calculated [9] and the result
can be represented in the following form [10]
!(t) = !(1)(t) + !(2)(t) +O(3s )
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Here, s = s(2), L =
1
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where nf is the number of light quark flavours. It was observed [10] that, as a result of nontrivial
cancellations between dierent contributions, the L3 term vanishes in (3) and the coecient in
front of the L2 term turns out to be proportional to the one-loop −function. As we will show
in Sect. 4, the evolution equation provides a simple understanding of these properties as well
as interpretation of the remaining coecients.
2. Operator production expansion
The Reggeon trajectory should not depend on the type of the scattered particles. Using this
property one can simplify the analysis by considering the elastic scattering of two quarks with
mass m in the Regge limit of large energy s = (p1 + p2)2 and xed transferred momentum
t = (p1 − p01)
2. Here, p1, p2 and p01, p
0
2 are on-shell momenta of incoming and outgoing quarks
with the color indices (i; j) and (i0; j0), respectively. We will consider the asymptotic behaviour
of the quark-quark scattering amplitude T i
0j0
ij in the following Regge kinematics
s m2  −t 2 (4)
with the IR regulator chosen to be much larger the QCD scale, 2  2qcd. In this limit, the
scattering amplitude becomes a function of two ratios only [5], s=m2 and t=2, and, as a tensor
in the color space, it can be decomposed over the scalar components with the quantum numbers














(0) + tai0i t
a
j0j T
(8) = i0ij0j T1 + i0jj0i T2 ; (5)
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where ta is the generator of the SU(Nc) in the fundamental representation and the following
relations hold T (8) = 2T2 and T (0) = T1 +
1
Nc
T2. If one assumes that the gluon is reggeized,
then its contribution to the negative signature component T−2 of T2 (or equivalently T
(8)) has

































where the residue factor IR measures the coupling of the Reggeon to the quark.
The incoming quarks scatter each other by exchanging gluons in the t−channel with the total
momentum q  q? and q2? = −t. In the limit (4), quarks behave eectively as heavy particles
and the only eect of their interaction with gluons is the appearance of the eikonal phase in
the heavy quark wave function. This phase is given by the Wilson line, P exp(i
R
C dx  A(x)),
evaluated along the classical trajectory C of the quark. Combining eikonal phases of the



















− (z)j0i ; t = −~q
2
? ; (7)
where W+ and W− are the eikonal phases corresponding to the incoming quarks with momenta
p1 and p2, respectively:





d v1  A(v1)






d v2  A(v2 + z)

:
Here, integration is performed along two innite lines in the direction of the heavy quark
velocities vi = pi=m separated by the impact vector z = (0+; 0−; z?) in the transverse plane.
In the longitudinal plane dened by the quark momenta p1 and p2 one introduces the angle γ





According to (7), the nontrivial s−dependence of the scattering amplitude comes from the










− (z)j0i ; (8)
which in turn is translated into the kinematical dependence of the integration contour on
the angle γ. The one-loop correction to the Wilson line can be easily calculated using the
dimensional regularization as [5]
W i
0j0








−" +O(2s ) ; (9)
where the pole in 1=" has an IR origin. Substituting this expression into (7) and performing
the Fourier transformation one nds that the IR pole disappears and one reproduces the quark-











1In this relation one can replace the vacuum by a hadronic state since the perturbative corrections to the
matrix element of the Wilson line operators are not sensitive to the particular choice of nonperturbative state
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Calculating the quark-quark scattering amplitude to higher orders in s one might expect that
the Feynman integrals over gluon momenta should involve four momentum scales: s2, m2, t
and 2. In reality, due to the properties of the Wilson lines, the rst two scales enter only
via the γ−dependence and the relevant scales become 2 and 1=z2. The rst scale provides
the IR cuto for gluon momenta and the second one, 1=z2, cuts the gluon momenta from
above and has a meaning of an UV cuto [12]. Let us introduce the factorization scale  such
that 1=z2  2  2 and separate gluon momenta into hard region and soft region. Then,
an arbitrary Feynman diagram contributing to the Wilson line takes a form shown on g. 1,
where according to the value of their momenta gluons belong either to hard (H) or soft (S)
subprocesses. The contribution of the hard subprocess depends on the factorization scale 
and on the large scale 1=z2 while the contribution of the soft subprocess depends on  and
IR cuto 2. Both subprocesses depend also on the angle γ as well as on the color indices of












where summation is performed over repeated color indices. The color flow inside the hard
subprocess can be decomposed similar to (5) as
Hk
0l0
kl = k0kl0l C1(γ; 
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+
k
x x= 1 2C C
k
where C1 and C2 are invariant coecient functions. The soft subprocess S describes the coupling
of the soft gluons to the Wilson lines corresponding to the scattered heavy quarks. Inside the
hard subprocess the Wilson lines are separated in the transverse plane at the short distance
z2?  1=
2. However, since the transverse momenta of gluons inside S is small, k2? < 
2, the
soft gluons can not resolve short distances inside H and calculating their contribution one can
shrink the hard subprocess into a point at z = 0. Notice that at z = 0 the quark trajectories
cross each other at the origin and two dierent color flows inside the hard subprocess (12) lead











































The integration contours entering into these expressions are dierent only at the vicinity of the
cross point and they are shown by solid lines on g. 1.
Finally, substituting (12) and (13) into (11) we obtain the expression for the Wilson line












2=2)  C W ; (14)
where the notation was introduced for the doublets
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Figure 1: The general structure of the Feynman diagrams for the scattering of two Wilson
lines at short transverse distances z?. The soft gluons are factorized into two Wilson lines
with a cross point at the origin. The coecient functions C1 and C2 represent the hard gluons
contribution.
To one-loop order, the calculation of the coecient functions and the Wilson lines in the MS
scheme gives
(C1 − 1)Nc = −C2 = −
s







with γe being the Euler constant and





















i0ij0j(γ coth γ − i coth γ − 1)
+ i0jj0i







Substituting these expressions into (14) one reproduces the one-loop result (9) for W i
0j0
ij renor-
malized in the MS scheme.
We stress that the Wilson line operator in the l.h.s. of (14) is a nonlocal operator of the
gauge elds both in the longitudinal and transverse planes. The relation (14) states that it can
be expanded over two Wilson line operators which are still nonlocal in longitudinal plane but
local in the transverse direction. We notice, however, that nonlocality of W1 and W2 in the
longitudinal direction can be eectively eliminated if one uses the representation for the Wilson
lines as correlators of local heavy quark elds in the eective heavy quark eld theory [12].
3. Cross singularities of Wilson lines
The scattering amplitude (7) and the Wilson line (14) do not depend on an arbitrary factor-
ization scale  while the coecient functions C and the Wilson lines W1;2 depend separately
on . In a full analogy with the standard OPE, the latter dependence can be found using the
renormalization properties of the Wilson lines W1 and W2 dened in (13) and entering into
the OPE expansion (14). These properties have been studied in details in past [13] without
any relation to the high-energy scattering and they were found to depend on the choice of the
integration contours C and on the representation of the SU(Nc) group in which the Wilson
lines are dened. The peculiar features of the Wilson lines W1 and W2 are that, rst, they
are dened in the fundamental (quark) representation and, second, the integration contours
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entering into their denitions cross each other at the origin. As a result, the Wilson lines W1
and W2 are mixed with each other under renormalization and their −dependence is described









W (γ; 2=2) = 0 (17)
with the doublet W dened in (15). The evolution equation for the coecient functions can
be easily obtained from (14) and (17) using −independence of the product C  W . The
equation (17) introduces into consideration a new object, a 22 matrix of anomalous dimensions
Γcross(γ; s). As we will show below, this matrix governs the Regge behaviour of the quark-
quark scattering amplitude in much the same way as the anomalous dimensions of local twist
2 operators dene the evolution of the structure function of DIS.
The matrix of the cross anomalous dimensions Γcross(γ; s) has the following interesting
properties. It is gauge invariant and it depends only on the coupling constant and the cross
angle γ = ln s
m2
but not on the color indices of the Wilson lines. The matrix Γcross(γ; s)
was calculated to two-loop order in QCD and its explicit expression as well as some general
properties can be found in [14]. In application to high-energy scattering, it is of most importance
to know the asymptotics of the matrix in the limit γ = ln s
m2
 1. In this limit, to all order in




0 ; Γ21cross  Γ
22
cross  γ ; (18)
which would imply, in general, the asymptotics det Γcross  γ. However, the matrix elements
have an interesting \ne structure", due to which remarkable cancellation of the leading  γ
term occurs leading to det Γcross  γ0 with tr Γcross  γ. As a result, the eigenvalues Γ of the
matrix Γcross can be calculated as
Γ+ = γ Γcusp(s) +O(γ
0) ; Γ− = O(γ
−1) ; (19)
with Γ+=Γ− = O(γ2). Here, the leading coecient Γcusp(s) is closely related to the so-called
























where nf is the number of light quark flavours.
The RG equation (17) was checked in [14] by performing the calculation of W1 and W2 to
the order 2s . It was observed that the perturbative corrections to the Wilson lines vanish at
 = 
W1(γ; 1) = i0ij0j ; W2(γ; 1) = i0jj0i :
Using this relation as a boundary condition, we solve the RG equation (17), obtain the expres-
















3In comparison with [14], we added here the two-loop contribution of light quark flavours to Γcusp(s).
Recently, the special class of corrections to Γcusp(s) due to quark loops, s(snf)
k, was resummed to all orders
in s [15]
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where the notation was introduced for 2 2 matrix











Here, the matrices Γcross(γ; s( 2)) do not commute for dierent values of  and T orders them
along the integration path. Except of the special cases [6, 5] (frozen coupling constant, one-loop
order approximation for Γcross), the evaluation of the matrix A becomes extremely nontrivial.
4. Evolution equation
Substituting (21) into (7) one performs the Fourier transformation of the coecient functions







and nally obtains the representation for the scattering amplitude in the form (5) with
(T1(γ; q
2=2); T2(γ; q






and the matrix A was dened in (22). In this relation, the dependence of the
invariant scattering amplitudes T1 and T2 on the IR cuto and on the transferred momentum
q2 is factorized into the matrix elements of the Wilson lines, A, and the coecient functionseC, respectively. In the matrix notations, the doublet eC and the matrix A are renormalized
multiplicatively and they satisfy the RG equations involving the anomalous dimension Γcross.
To one-loop order eC1;2 can be obtained from (23) using (16) as





eC2 = s +O(2s ) : (25)
As a function of the IR cuto, the matrix (22) satises the relation  d
d
A = AΓcross. Then,





(T1; T2) = (T1; T2)  Γcross(γ; s(
2)) : (26)
This equation is a natural generalization of an analogous evolution equation for the Sudakov
form factor in QCD [12]. In the latter case, all eects of soft gluon radiation are factorized into
a single Wilson line and the dependence of the Sudakov form factor on the IR cuto becomes in
one-to-one correspondence with renormalization of the \cusp" singularities of the Wilson line.
As a result, the Sudakov form factor satises the evolution equation similar to (26) with the
matrix Γcross replaced by the \scalar" cusp anomalous dimension Γcusp.
To identify the contribution of the Reggeon to the scattering amplitude (6) we exclude T1
from the system (26) and obtain the evolution equation for T2 as
T 002 + T
0
2 f + T2 ’ = 0 (27)
with the coecients f and ’ dened as














Here, the prime denotes the derivative d
d ln
and the elements of Γcross(γ; s) depend on  only
through s(2). We notice that the dependence on the energy s enters into this equation via
the matrix elements of the cross anomalous dimension. Using the asymptotics (18) and (19)
we obtain the behavior of f and ’ at large energy s, or equivalently at γ  1, as
f = −γ Γcusp(s(
2)) +O(γ0) ; ’  Γ22cross = O(γ) ; (29)
where the explicit expression for the leading term in ’ will not be important.
Let us rst consider the evolution equation (27) is the LLA, s ln s  1 and s  1. In
this limit, one can neglect the −dependence of Γcross and omit in (28) the terms involving the








and using the identities det Γcross = Γ+Γ− and tr Γcross = Γ+ + Γ− one can obtain the solution













with eC2  eC2(γ; 1) being the integration constant independent of the IR cuto. Comparing (30)
with (6), (10) and (2) we nd that the LLA solution of the evolution equation (27) correctly
reproduces the one-loop correction to the Reggeon trajectory (2) provided that eC2 = s in
accordance with (25).
Let us now go beyond the LLA order and try to solve the evolution equation (27) assuming








with (t) = 1 + !(t) being the Reggeon trajectory. To this end, we substitute the ansatz (31)














Using (29) together with ! = O(γ0), we notice that the rst and the last terms in this equation
are suppressed by a power of γ and the third term is proportional to Γcusp. Therefore in the






with ! being the function of q2=2 and s(2). Integrating the evolution equation (32) we
obtain the Reggeon trajectory as

























Here, the anomalous dimension ΓIR appears as the integration constant.






. The fact that !(q2?) satises the RG equation (32) imposes severe restrictions on this
expansion. In particular, the leading term of the series has a form (sL)n with the coecient
in front proportional to a power of the −function. This explains the origin of the 2sL
2 term
and the cancellation of 2sL
3 term in (3). Moreover, one immediately identies the coecient
w2 in front of the 2sL term in (3) as the 2-loop correction to the cusp anomalous dimension





















+O(3s ) : (35)
The following concluding remarks are in order. The solution of the evolution equation, (33)
and (34), gives the expression for the Reggeon trajectory in terms of three functions of the
coupling constant: the −function, the cusp anomalous dimension, Γcusp, and the anomalous
dimension ΓIR. The universality of the Reggeon trajectory implies that the functions should
not depend on the scattered particles. This is certainly true for the −function but it is not
obvious for Γcusp and ΓIR. Replacing the scattering particles, one has to change correspondingly
the representation of the SU(Nc) group, in which the Wilson lines are dened in (7). The
renormalization properties of the Wilson lines will also be changed and, in particular, the matrix
of the cross anomalous dimensions will have a dierent dimension. However, in the high-energy
limit, γ ! 1, only the largest eigenvalue of the matrix will survive. It will coincide with Γ+
and will lead to the evolution equation (32).
Since the anomalous dimensions Γcusp and ΓIR arose from the analysis of the quark-quark
scattering amplitude, one would naively expect that they should be dened in the quark repre-
sentation. However, their explicit expressions, (20) and (35), do not contain the corresponding
quadratic Casimir operator CF and, moreover, Γcusp coincides with the expression (20) for the
cusp anomalous dimension in the adjoint representation.
The anomalous dimensions Γcusp and ΓIR appeared as peculiar properties of the Wilson
lines describing the high-energy quark{quark scattering. We would like to notice that the
Wilson lines themselves exhibit interesting universality properties. Calculating perturbative
corrections to Wilson lines describing IR asymptotics of dierent hard processes in dierent
kinematics one obtains expressions similar to (3) and (33) with the same \leading" anomalous
dimension Γcusp and dierent ΓIR. As an example, one considers the 2-loop calculation of the
light-like rectangular Wilson line W
2
in the adjoint representation of the SU(Nc) describing
the IR asymptotics of the gluon string operator in QCD [16]. Due to additional light-like
singularities, the perturbative O(2s ) expansion of lnW2 starts with 
2
sL
3 term with L being
the IR logarithm. In a complete analogy with (3), the coecients in front of the leading and












nf : Remarkably enough, this expression
coincides with 2w3 dened in (3) up to (3)−term. We believe that the agreement is not
incidental.
Our calculation of the scattering amplitude was entirely perturbative and it relied on the
fact that the transferred momentum q2? and the IR cuto have been chosen in (4) to be large
enough for the perturbative expansion in (33) to be meaningful. Once q2? and 
2 are decreasing
toward 2qcd one should expect the emergence of nonperturbative corrections to the Reggeon
trajectory. Their general structure can be predicted by analysing ambiguities of the perturbative
series related to the contribution of the IR renormalons [17, 18, 19]. Using the nonperturbative
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denition (7) of the scattering amplitude as Fourier transformed Wilson line expectation value,
one can identify the leading IR renormalon contribution to the scattering amplitude and to the
Reggeon trajectory [17].
The Reggeon trajectory (33) provides an additive correction to the BFKL kernel. In the
BFKL Pomeron, built from two Reggeons, IR divergences of the Reggeon trajectory, described
by the last term in the r.h.s. of (33), are eectively cancelled with the contribution to the
BFKL kernel due to Reggeon-Reggeon interaction. It is the nite part left after the cancellation
which provides the correction to the BFKL Pomeron. Similar situation occurs in the Drell-Yan
process, in which the Sudakov form factor plays a role of the gluon Regge trajectory. In this
case, large nite perturbative corrections to the cross section can be resummed to all orders [20]
and the analysis [21] similar to the one performed in the previous sections allows to establish
their intrinsic connection to the cusp singularities of the Wilson lines. This suggests that there
should exist a relation between the nonleading corrections to the BFKL Pomeron and certain
properties of the Wilson lines (see e.g. [22]).
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